~N

y
4

' Parallel Sorting

: i Parallel computing - Parallel Algorithms
] Joao Luis Sobral (jls@di ...)
25/Nov/202|
0.1-1.0 flops per byte Typically < 2 flops per byte O(10) flops per byte
' A N ' A N A

ensity

SpMv

BLAS1,2 Particle
Stencils (PDE Methods
ncils ( s) FFTs, Dense
Lattice Boltzmann thods Linear Algebra
Method (BLAS3)
N )\ J o\
Y Y Y
o(1) O( log(N) ) O(N)

JLSobral, Parallel Computing, MEIl, UMinho, 202 1/22



Parallel Algorithms

* Traditional algorithm analysis: Big O notation
> Analysis of the number of operations per datum (n)

3
Matriz multiplication: ©{3) O(nz) (n=number of elements of C)

Sorting (n keys)

- Bad sorting (burte force): O(n?)

- Better algorithm: n log,(n)

- Best: ([k]n)

Insertion on a data structure (n insertions):

- Sorted linked list O(n?) Worse:

O(n!) Exponential - O(2"n)

Quadratic - O(n"2)

- Binary tree: O(nlogs(n) )
- Hash table O(n)

# computations

Logarithmic - O(log(n))

Constant - O(1)

Input Size n



Parallel Algorithms

* Arithmetic Intensity (operations per bﬁé&l@ﬁ‘éféd)

0.1-1.0 flops per byte Typically < 2 flops per byte 0O(10) flops per byte
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Data accesses

e Data storage
& - - Regular / irregular
> Regular : vector, matrix

° lrregular (pointer based): tree, graphs



Parallel Sorting

 [Sequential] sorting algorithms

Complexity  Description
(average)

Bubble sort Compare (and swap) successive elements

Merge sort Successively merge sorted sub-lists starting
from lists with one element

Radix sort nd Sort elements digit by digit (d)
(two variants: MSD and LSD)
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Parallel Sorting

0.1-1.0 flops per byte Typically < 2 flops per byte 0O(10) flops per byte
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Parallel Sorting

 Locality: Radix MSD vs Radix LSD

> Both are based on key-indexed sorting
Example for 3-digit Strings (figure: |5t digit step on MSD)

1. Count frequencies of each letter using key as index
2. Compute frequency cumulates
3. Access cumulates using key as index to find record positions.

4. Copy back into original array al] temp[]
0| a 0| a
int N = a.length; L L
int[] count = new int[R]; . .
2| b count[] 2| b
count for (int i = 0; i < N; i++) 3| b al 2 3|b
frequencies count[a[i]+1]++; 4o b | 3 i B
5| c c 6 5|c
compute : = c o
cumuFl’a‘res — for (int k 1; k < 256; k++) 6| a al s 6l d
count[k] += count[k-1]; 70 a el o 71 a
8| e f | 12 8| e
move for (int i = 0; i < N; i++) oz ol e
records tem t i1++ = j
emp [count[a[i]++]] a[i] 1oz 1ol
copy back __ for (int i = 0; i < N; i++4) 1) ¢ 11 £

a[i] = temp[i];
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Parallel Sorting

 Locality: Radix LSD (e.g. string with 3 digits)
> D steps through the full data: DxN data moves

sort key sort key sort key
d b 0 (d|a i 0 | d i b 0 i e
a d l|c|a|b l|c|a|b 1| a d
c|a|b 2 | e|b|Db 2 | £fla|d 2 | bla|d
fla|d 3 |a|d|ld 3| blald 3| blel|d
£lele \4 £lald 4|4 d 4 |blele
b|la|d—>5 |b|a|d 5| e b 5 a
dla|d/—>»6 | d|a|d 6 |a|c|e 6 a
blele /7 £1©19 for (int d = W-1; d >= 0; d--)
fle|d 8 | b|le|d {
ble|d /’////79 flele int[] count = new int[R];
e b [ 10| b | e | e for (int i = 0; i < N; i++) count
alcle 11l alecle count[a[i] .charAt(d) + 1]++; <“— frequencies
5 for (int k = 1; k < 256; k++)
count[k] += count[k-1]; <«— compute

cumulates
for (int i = 0; i < N; i++)

temp[count[a[i].charAt(d)]++] = a[i]; «— o
for (int 1 = 0; i < N; i++)
af[i] = temp[i]; <“—  copy back




Parallel Sorting

 Locality: Radix MSD(e.g. string with 3 digits)
o Partition data in K-sets- | step through the full data:
IXN (global) + local data moves

0 a|d|d
0| d b 0 |a|d|d 1 lalele
1 a|d|d 1 alc|e zemiel ]
2 | clal|b 2 | bja|d alo ”/”””’,)'2 b|a|d
3 b|e|e
3| fla|d 3 | b|le|e bl 2 k\\\\
4 b|le|d
4 f | e|e 4 | b|le|d
cl|s \ Sort these
5| bjla|d 5| c|la|b
d 6 / .
5 claln] recursively
6 |d|a|d 6 |d|a|b el s8I\ )
7 blele 7 d d private static void msd(String[] a, int lo, int hi, int d)
{
8 | £f|e|d 8 | e b if (hi <= lo + 1) return;
9 bleld 9 £flald int[] count = new int[256+1]; i
for (int i = 0; i < N; i++) “ frequencies
10| e |b Db 10| £ |e|e count[a[i] .charAt(d) + 1]++; compute
11l a |l ecle 11| £ | e L | for (int k = 1; k < 256; k++) T cimulates
T count[k] += count[k-1]; nove
for (int i = 0; i < N; i++) ™ records
Soerey temp[count[a[i] .charAt(d)]++] = a[i];
for (int i = 0; i < N; i++) T copy back
a[i] = temp[i];

for (int i = 0; i < 255; i++)
msd(a, 1 + count[i], 1 + count[i+l], d+1);



Parallel Sorting

 Locality: quick-sort vs heap-sort

> Regular VS irregular data references

Pivot (Step1)  (Step2) (Step 3) (Step 4) (Step 5) (Step 6)
{ @ ® & &
9|1-3|5 2 6 8 |-6]|1 3
@ H® H® ®® @ ®
@ @ @
<=3 >=3
(Step 7) (Step 8) (Step 9) (Step 10)
32|61 3 85|96 (54) (63) 63 (3)
N
i @ & @ ® @ ® @ @ G @

(Step 11) (Step 12) (Step 13)

3] - 9| 8
/\ ™ )
. >=8 (59 (63 (59 (63
-6 3 8 9
@) (8 (@ @) (@ @ (6

Both perform n x log n steps P A:‘ A‘“‘
through the data but heapsort PR i 5t off 32 0% i
shows more irregular accesses " @ - o

to data indexes st ettt leve2 feet st

[16]11]15]09]10]13[14a]08]02]01[os[12] 06 03] 07 04]




Parallel Sorting

¢ Locality of reference in sorting algorithms

Method Locality of reference Improvements
Mergesort | Good spatial locality + bad temporal | Single merge when data

locality on final merge stages exceeds cache size
Insertion | Bad
sort
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Parallel Sorting

g e Parallelism in sorting algorithms

Method

Merge-sort Merge p lists in parallel

Insertion sort
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Parallel Sorting (on distributed memory)

e Design issues:
> Keys are initially distributed over processors
Intermediate stage for other parallel algorithms
> Data properties
Partially-sorted data? (not in the scope of this lecture)

> Exploitable parallelism
Merger-based
Splitter-based

o Efficiency considerations for parallelism
Data movements [across processors]

Load balancing
Avoid idle time (e.g. sequential phases)



Parallel Sorting

 Parallel Merge-Sort

> Locally sort each set

> Exchange sets among processors

process 1 process 2 process 3

local sort local sort local sort
\4 \ \4
T | YT 11—

parallel merge
\J

T [ ]|
(a)

1 2 3456
Pl =e ¢
pZ—_—J—¥-
p3 —1L o—;
04 Y o .T
05 A o—) ; Y
po6 L —L
07 y|lly Y r
A T

> Only effective when n/p ~I
> Extensive data movements: when n/p>>1

process X process Y

determine exchange

— m .II
exchange keys
— m .II

local merge local merge

E———Y | llIIII
(c)



Parallel Sorting

 Parallel quicksort (simplified)

> Master selects and broadcasts pivot key
> Each process locally splits using the pivot
Each processes holds smaller and greater partitions

> Divide processors into L T N
smaller and greater sets

7(13[18] 2 {17 1 [14]20/ 6 (1015 9 |3 [16 19| 4 {11 /12| 5|8 | pivot selection

2 pivot=7
Send data to one processor = | ;
7 0 | Py Py Py
on the Othel‘ Set | =T T~ T after local

7(218/13) 1 [17[14]20] 6 [10(15 9|3 |4 19165 12/ 118

rearrangement

after global
............. rearrangement

> Repeat the processes
until #sets = #p

° Locally sort on each
process p
o Complexity:
Requires log p
communication steps

Py Py Py Py Py

[ 1 =1 i 1
7020 1|6[3|4a|s5]813)17[14/20(10[15] 9 [19)16]12 11\.\' pivot selection

pivot=3 pivot=17

Py Py P P Py
after local

L1[2]7[6[3[a]s]ulum]r]s[n[w0is[o]ww[r[i]8] . ummemen

Sccond Step

,’l . ‘ ‘ R PR | ;(] =] l'A"“ after glohal
PI21374]5|7 614131710115/ 9 (16/12]11|8 |I8 20019 rearrangement




Parallel Sorting

e Parallel radix sort

> Each processor is responsible by a subset of digit
values

> Sort and count the number of digit values
° All-reduce the total number of digits
> Send keys to the processor responsible for each
digit range
> Repeat for the next digit
o Complexity:
LSD — D communication steps
MSD - | communication step



Parallel Sorting

* Parallelism in sorting algorithms

> Sampling based
Split data into P sets using p-| splitters
Each processor acts upon a local set

Minimizes data movements

> Sampling alternatives
Regular sampling (p*(p-1) keys)
°* Not effective for large p

Random sampling

Histogram sampling



Parallel Sorting by Regular Sampling

Divide the set into p
« o e (6] 2 [17]24[33[28]30] 1] 0 [27] 9 [25]24[2a[1a[18]11] 7 [21]13] & |356]12]29] 6| 3 | 4 |14]22[15]32] 0] 26]21]20] & |
disjoint sets and locally

e
order each set Phace |

Processor 1 Processor 2 Processor 3
: : 115 P ) e e O S L Y W D N 3 3 Y A R A E KX P
Apphes d local QUIC1<Sort | Sort locat list || Sortlocat st || Sort Iocal list |
|| 0[1]2]9 J15|17[24}25|27|25|30|33]: }{ 78 [1[12[13]18[19]21 [23|29|34[35\: || 3[4][5[6 |1G|14]'15|2D|22[26]31|32|:

Local samples Local samples Local samples
Selects p-1local samples e |l |

that uniformly divide each B

set into p subsets

| |
|Sonsamp\es |
|
Order p*(p-1) samples and pINIRE)
. 13[22 |
select best p-1 pivot keys ——— TS

Phase 3
Processor 1 Processor 2 Processor 3

[Patifondata 1 Pariton da@ T 1 PaiendaE T o T — 1
| | |
22 | | 53 |

Partltlon eaCh Set uSIHg the I_\U| 1219 |’1_|3[16| 1?H24|25|2?|28|30\33|J| [EE |-11|12|13m18|19|21’E\23|29|34\35|J| :_|3 [4]5]® |1U’ﬂ3|14|15|20|22]’_‘[26|31|32\|

_________________ -

p-1 pivot keys e

Processor 1 Processor 2 Processor 3
| Get partiions | |Getparions | [|Getpations
lFromselr [0 1]2]9] | | From Proc 1 || FromProc 1 |

Merge p*p sets :me Proc2 [F[E[T[2[73] | IFrumseIf BEHE || FromPproc2 |
gepp | From Proc 3 [3]4[56]10] | |FromProc3 | From e |

P * h * I Merged partitions : I Merged partitions | } Merged partitions |
rocessor 1 merges thei 0[1]2[3]4[5]6]7]8]s [T0[[12[13 14 15[ 16[17[18[19]20]21]22|!  |[23]2425]26]27]28] 2] 3031 3233 34 35|

| | L SR d]

paI'titiOIl " ” Fin‘a; sorteé I'ist

[0]7[2]3[2]5] 617 8]0 10[11[12[13[14[15]16]17] 18] 18]20]21] 22| 23] 24| 25] 26| 27| 28] 28] 30] 31| 32| 33] 34] 35




